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Introduction
This gives the second inequality of the assertion. The first one follows immediately from sin ψ > sin ψ and
Main result
Theorem . Let p(z) =  + ∞ n=k≥ c n z n be analytic in the unit disc D and α be a positive real number  < α ≤ /. Then suppose that there exists a point z  , |z  | <  such that
and
Then we have
Proof Let us put
Then the function q is analytic in |z| ≤ |z  | <  and from the hypothesis of Theorem . and Lemma ., with A = , we have
This shows that |q(z)| takes its maximum at z = z  on the circle |z| = |z  |. 
This shows that z  p (z  ) is a negative real number and
This completes the proof of Theorem ..
Theorem . is, in a certain sense, the supplement of Nunokawa's lemma [] . From Theorem . we have the following corollaries. 
then from the hypothesis of Corollary ., we have
Then from Theorem ., we have
and therefore we have
This contradicts the hypothesis of Corollary . and it completes the proof of Corollary ..
Corollary . Let f (z) = z +
∞ n= a n z n be analytic in the unit disc D and α be a positive real number  < α ≤ /. Suppose that for arbitrary r,  < r < , f satisfies the condition
Then we have
or f is starlike of order α.
Proof Putting
it follows that
Then from Corollary ., we have (.). 
Then from Lemma ., with A = , we have that |q(z) + | takes its maximum value at z = z  on the circle |z| = |z  | or
Applying 
This shows that
This completes the proof of Theorem .. and
Proof Applying the same method as in the proof of Corollary . and in the proof of Lemma ., we can obtain Corollary ..
Corollary . Let F(z) = /z +
∞ n= b n z n be analytic and not vanishing in the punctured unit disc  < |z| <  and let α be a positive real number  < α < /. Suppose also that for arbitrary r,  < r < , F satisfies the following condition:
and it follows that then from the hypothesis, we have p(z  ) = α. Applying Theorem ., we have
This contradicts the hypothesis and therefore we have
and this shows that F is meromorphic starlike of order α in the punctured unit disc  < |z| < .
We note the following interesting result which was published in a minor journal and so it was not well known in the public of univalent function theory but is strongly connected with the previous Corollaries ., . and .. 
but f is not starlike in |z| < .
In [] the authors pointed out that the function
satisfies the above conditions. Then we have
where k is a real number and
where p(z  ) = ±ia and a > .
From [, ] and []
, we obtain
and z  p (z  ) is a negative real number. For the case arg p(z  ) = π/, p(z  ) = ia and  < a, we have
For the case arg p(z  ) = -π/, p(z  ) = -ia and  < a, applying the same method as above, we have
This completes the proof.
Theorem . Let f (z) = z + ∞ n=m+ a n z n be analytic in the unit disc D. Suppose also
is analytic in D and omits /, then f is starlike in the unit disc D.
,
If there exists a point z  ∈ D such that 
where k is a real number and m ≤ |k|. For the case arg p(z  ) = π/, p(z  ) = ia and  < a, we have
Therefore, we have For m = , the inequality (.) becomes (.), so Theorem . is a generalization of the above result.
